Abstract. The notion of a metric bead space was introduced in the preceding paper (L. Pasicki: Bead spaces and fixed point theorems, Topology Appl., vol. 156 (2009Appl., vol. 156 ( ), 1811Appl., vol. 156 ( -1816 and it was proved there that every bounded set in such a space (provided the space is complete) has a unique central point. The bead spaces themselves can be considered in particular as natural extensions of convex sets in uniformly convex spaces. It appears that normed bead spaces are identical with uniformly convex spaces. On the other hand the "metric" approach leads to new elementary conditions equivalent to the uniform convexity. The initial part of the paper contains the proof that discus spaces (they seem to have a richer structure) are identical with bead spaces.
for each x, y ∈ X, r, ε > 0 there exists a z ∈ X (4)
This definition is a complicated one. Therefore we have introduced the notion of a bead space [3, Def. 6] Definition 2. A metric space (X, d) is a bead space if the following is satisfied:
For every r > 0, β > 0 there exists a δ > 0 such that for each x, y ∈ X with d(x, y) β there exists a z ∈ X such that B(x, r + δ) ∩ B(y, r + δ) ⊂ B(z, r − δ).
Def. 2 looks much simpler than Def. 1 and it was proved in [3, Lemma 8] that each discus space is a bead space. Let us prove Lemma 3. Each bead space is a discus space.
) is a bead space. For β > 0, r > 0 let us adopt γ(0, r) = 0 and γ(β, r) = sup{δ ∈ (0, r) : for each x, y ∈ X with d(x, y) β there exists a z ∈ X (6) such that B(x, r + δ) ∩ B(y, r + δ) ⊂ B(z, r − δ)}.
Let us consider
is a mapping. From (5) it follows that for β > 0 and r > 0 we have γ(β, r) > 0, and hence we obtain ̺(β, r) < ̺(0, r) = r, i.e. (1). Now let us prove that γ(·, r) is nondecreasing for r > 0. Once again by (5) if a δ is "good" for a β > 0 then it works for any β 1 > β. Therefore β < β 1 implies γ(β, r) γ(β 1 , r), i.e. γ(·, r) is nondecreasing and ̺(·, r) is nonincreasing (see (2)). Let us show that γ(β, ·) is lower semicontinuous, β 0. We have γ(0, ·) = 0 and it is sufficient to consider β > 0. Assume γ(β, r 0 ) > α > 0. We ought to show that γ(β, (r 0 − ε, r 0 + ε)) ⊂ (α, ∞) for an ε > 0. The inequality γ(β, r 0 ) > α means that there exists a δ > α such that B(x, r 0 + δ) ∩ B(y, r 0 + δ) ⊂ B(z, r 0 − δ) for a z ∈ X. For ε > 0 with r 0 + δ − 2ε > 0, δ − ε > 0 we have
Consequently, for δ − 2ε > 0 and δ − ε > α, i.e. small ε < δ − α, we obtain γ(β, (r 0 − ε, r 0 ]) ⊂ (α, ∞). On the other hand, for δ − ε > α we have B(x, r 0 + ε + (δ − ε)) ∩ B(y, r 0 + ε + (δ − ε)) = B(x, r 0 + δ) ∩ B(y, r 0 + δ) ⊂ B(z, r 0 − δ) = B(z, r 0 + ε − (δ + ε)) ⊂ B(z, r 0 + ε − (δ − ε)).
